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SMALL PROFINITE STRUCTURES

LUDOMIR NEWELSKI

ABSTRACT. We propose a model-theoretic framework for investigating profi-
nite structures. We prove that in many cases small profinite structures inter-
pret infinite groups. This corresponds to results of Hrushovski and Peterzil on
interpreting groups in locally modular stable and o-minimal structures.

0. INTRODUCTION

Usually in mathematics by a profinite structure we mean the inverse limit of
a system of finite structures of some kind. In this paper we propose a different
(although equivalent) approach. This enables us to define in the context of profinite
structures the counterparts of some basic notions of model theory and then to
develop a “model theory” of so-called small profinite structures.

Given a profinite structure U we adjoin to it some “imaginary” elements and
form a structure U¢?. The relationship between U and U€? is analogous to the
relationship between a first-order structure M and M*°? in model theory. In U? we
define m-independence, which corresponds to forking independence in model the-
ory, and m-normality, which describes the geometric character of m-independence
similarly as 1-basedness describes the geometric character of forking. m-normality
of a small profinite structure U is related to local modularity of some geometries
interpreted in U.

Usually the local modularity assumption implies existence of a definable group.
In stable structures this was done by Hrushovski [H], in o-minimal structures by
Peterzil [Pe], who considered the so-called CF-condition.

In this paper we prove an analogous result for small profinite structures. We
prove that in the presence of a non-trivial locally modular geometry, in a small
profinite structure U there is a definable group related to this geometry.

The general scheme of the proof is the same as in [H| and [Pe|: our definable
group consists of certain definable functions. However the details are different. In
[H| the construction uses stationary types (where forking geometry is similar to
Zariski geometry). [Pe] uses the fact that the order topology in a dense o-minimal
structure is definably connected (and the intuitions from the real line).

In our set-up, a profinite structure carries a natural compact 0-dimensional
(profinite) topology. So there is no counterpart of stationary types here and the
topology is totally disconnected. Instead, to obtain a definable group we use the
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smallness assumption. Actually, we reconstruct a definable group from an acl-
triangle in a small profinite m-normal structure. This corresponds to [BH], where
Bouscaren and Hrushovski reconstruct a group from an acl-triangle in a stable
1-based theory.

A natural example of a small profinite structure is any profinite structure inter-
pretable in a small theory T (the term interpretable used here is made precise in
Section 2). By [Ned, [Nel], if T is superstable with < 2% countable models, then
any profinite structure U interpretable in 7' is m-normal, non-trivial and of finite
M-rank, so our results apply (in fact, in this case, the existence of a definable group
in U was proved earlier in [Ne3|, by referring to the usual forking dependence in T
see also [Ne5]).

It is rather hard to construct a complicated small profinite structure. In [Ne2]
some such constructions are shown (and these are groups), however the profinite
groups occurring there are m-normal. I know no small profinite structure which
is not m-normal. The results of this paper indicate that small profinite structures
quite often contain definable groups.

1. DEFINITIONS AND THE MAIN RESULT

We say that a topological space U is profinite if there is a system & = {E;,i € Iy}
of equivalence relations on U such that

e cach Ej; is closed (as a subset of U?) and has finitely many classes;

e & is directed by the refinement relation, that is for all 4, j € Iy there is some
t € Iy such that Ey refines both E; and Ej;

e the E;-classes, i € Iy, form a basis of the topology on U.

Then clearly U is the inverse limit of the system U = (U/E;, i € Iry) of finite discrete
spaces. Also, the E;-classes are clopen and U is compact and 0-dimensional.

Let Aut{(U) be the group of the homeomorphisms of U induced by automor-
phisms of the system U. In other words, Auty(U) is the group of those homeomor-
phisms of U, that respect all the F;’s. The group Aut§(U) is the inverse limit of
the system of groups S(U/E;),i € Iy, of permutations of U/E;. So Aut{(U) is a
profinite group acting continuously on U.

By a profinite structure we mean a profinite topological space U described above,
with a distinguished closed subgroup Aut*(U) of Aut§(U). From now on U denotes
a profinite structure in this sense, and we assume that the index set Iy is countable
(so U is separable). Usually we suppress Aut*(U), speaking just of a profinite
structure U.

A, B denote usually finite subsets and a,b finite tuples of elements of U (or of
Ued, later). Aut*(U/A) = {f € Aut*(U) : f|la = id}. So Aut*(U/A) is a closed
subgroup of Aut*(U). We define the counterparts of the basic model-theoretic
notions in U referring only to the action of Aut*(U) on U, as if U were a saturated
model, or a monster model.

We say that V' C U™ is A-invariant (or, invariant over A) if V is invariant
under Aut*(U/A). “Invariant” means “invariant over (7. We say that V C U™
is A-definable (or, definable over A) if V is closed and A-invariant. “Definable”
means “definable over some finite subset of U”. So the family of sets definable in
U is not closed under complementation. Strictly speaking we should use the term
“type-definable” instead of “definable” (see Example 2 in Section 2).
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Notice that equivalence relations E;,i € Iy, are O-definable in U (as subsets of
U?). Also we say that a function f : U™ — U™ is definable if its graph is definable.

Remark 1.1. Every definable function f : U™ — U™ is continuous.

We introduced definable sets in U by means of the action of Aut*(U) on U. It
turns out that vice versa, we can recover Aut*(U) from the family of 0-definable
sets in U.

Lemma 1.2. Assume g : U — U s a bijection. Then g € Aut*(U) <= g
preserves all 0-definable subsets of U™, n < w.

Proof = is clear. <=: For any 0-definable finite equivalence relation £ on U let
Aut(U/E) = {flu/p : f € Aut*(U)}. We know that U is the inverse limit of the
system (U/E;,i € Iy) of finite spaces. Let S(U/E;) denote the group of permuta-
tions of U/E;. So Aut(U/E;) is a subgroup of S(U/E;) and Aut§(U) is the inverse
limit of the system S(U/E;),i € Iyy. Aut*(U) is closed in Autf(U), hence Aut*(U)
is the inverse limit of the system Aut(U/E;),i € Iy.

g preserves each F;,i € Iy, so g € Aut{(U). Hence we have that g € Aut*(U) iff
for every i € Iy, glu/p, € Aut(U/E;). Since U/Ej is finite, there are finitely many
invariant sets Sy C (U/E;)™,t =1,...,1, such that for every f € S(U/E;) we have
[ € Aut(U/E;) iff f[S;] = S; for all t. But g|y,p, preserves all invariant sets in
U/E;. So we get gly/p, € Aut(U/E;) for any i € Iy. Hence g € Aut*(U).

Since we treat U as a “monster model”, model-theoretic types correspond to
orbits here. So for a € U™, o(a/A) denotes the orbit of a under Aut*(U/A),
called also the orbit of a over A. o(a) denotes o(a/0)) and is called the orbit of
a. Since Aut*(U/A) acts continuously on U, o(a/A) is closed and either finite or
homeomorphic to the Cantor set (because Iy is countable). O, (A4) = {o(a/A) :
a € U™}. O,(A) is a compact 0-dimensional topological space (equipped with the
hyperspace topology); it corresponds to the Stone space of types in model theory.
Oy (A) is homeomorphic to a closed subset of the Cantor set.

We say that U is small if O, (0) is countable for every n < w. Equivalently,
O1(A) is countable for every finite A. We are interested in describing definable sets
in U. When U is small then we can carry out in U many standard model-theoretic
arguments. From now on we usually assume that U is a small profinite structure.
(It is not clear if it is possible to extend the methods of this paper to the case of
U, which is not small.)

Similarly as in model theory, we adjoin to U certain “imaginary” objects. If
is a 0-definable equivalence relation on U™, then U/FE denotes the set of E-classes,
with the quotient topology. By smallness and [Nefl, Lemma 1.2], each such E is an
intersection of countably many 0-definable finite equivalence relations F;,i < w. In
particular, U/ FE is a profinite topological space. For distinct relations E we consider
the sets U/E disjoint.

Let U®? be the disjoint union of sets U/E, where E is a 0-definable equivalence
relation on some U™, equipped with the disjoint union topology. The sets U/E are
called the sorts of U®?. We identify U with U/ =. (When U is not small, we can still
define U®? restricting ourselves to sorts U/E, where E is a countable intersection
of 0-definable finite equivalence relations.)

Aut*(U) still acts continuously on U®Y. We extend the notions of definability,
invariance, orbit to U®?. For example, a definable set in U®? is a closed subset of
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a product of finitely many sorts of U¢Y, invariant over some finite set. F'E denotes
the set of all O-definable finite equivalence relations in U4,

The transition from U to U®? is similar to the transition from M to M*€? in
model theory [B]. In particular, (U®?)°? essentially equals U®? and in U®? we have
names for classes of all definable equivalence relations. Also, U is small iff U®? is
small. Similarly as in model theory, in U? we have canonical names for definable
sets.

This means that if V is A-definable in U®!, then there is some VT € U®? (called
the name of V') such that for every f € Aut*(U/A), f[V]=V iff f(VT)=V*t. In
particular, V is definable over V*. For example, assume V is a 0-definable set in U
and V' is a clopen subset of V. This implies that for some E € FE, V' is a union
of FE-classes on V. Since E has finitely many classes, we see that the orbit of the
name (V')* of V' is finite (that is, (V') € acl(0)).

Given a 0-definable equivalence relation E in U¢?, we consider the E-classes in
two ways. For a tuple a of elements of suitable sorts of U%?, a/E denotes the E-class
of a as an element of U®? (or, if you like, a name of the E-class of a). [a]g denotes
the E-class of a as a subset of U®Y, that is [a]gp = {xv € U®? : E(a,z)}. Clearly the
set [a]g is definable over a/FE and o(a/(a/E)) = [a]E.

Assume V is A-definable in U°?. Then V is a profinite topological space.
Aut*(U/A) induces on V' a profinite structure, with the structure group Aut*(V) =
{flv: f € Aut(U/A)}.

Two profinite structures U, V' are called isomorphic, if there is a homeomorphism
f U — V (called an isomorphism) such that the pullback function f* maps
Aut* (V') onto Aut*(U), then f* is an isomorphism of the structure groups. O

Lemma 1.3. Assume U,V are profinite structures and f : U — V is a bijection.
Then the following conditions are equivalent.

(1) f is an isomorphism.

(2) For every X C U™, X is O-definable in U iff f[X] is 0-definable in V.

Proof. (1) — (2). We know that f is a homeomorphism. We must prove that
X is invariant in U <= f[X] is invariant in V.

It is enough to prove =. Assume g € Aut*(V). By (1), f*(g9) = f'gf €
Aut*(U), so f~1gf[X] = X. This gives g[f[X]] = f[X], as needed.

(2) — (1). First we show that f is a homeomorphism. The topology on V is
induced by a system &y = {E;,i € Iy} of finite closed equivalence relations. Each
E; is 0-definable, so the equivalence relations E! = f~1[E;] are also 0-definable,
hence have clopen equivalence classes. This shows that f is continuous. Similarly
we show that f~! is continuous.

Now let g € Aut*(V). We must show that f*(g) = f~lgf € Aut*(U). We use
the criterion from Lemma 1.2. Let X C U™ be 0-definable. It is enough to show
that f*(g)[X] is O-definable. This follows easily from the assumptions and Lemma
1.2.

We say that a profinite structure V is interpretable in U if there is a continuous
1-1 mapping f of V onto a set f[V] definable in U®? over some finite set A, such
that all O-definable sets in V' are mapped to A-definable sets in f[V]. Equivalently,
the pullback function maps Aut*(U/A) onto a closed subgroup of Aut*(V).

Similarly as in model theory we define the algebraic and definitional closure in
Ued. For finite A C U, acl(A) is the union of all finite orbits in U®?, over A.
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dcl(A) is the union of all 1-element orbits in U®?, over A. When A is infinite,
acl(A) = U{acl(A") : A’ C A is finite} and dcl(A) is defined similarly in this case.
For example, U C dcl(U). U may be regarded as a type-definable set in some
first-order structure N, consisting of some infinite tuples of elements of acl(#)) in N
(see Examples 2 and 3 from Section 2). Then, in the sense of forking in N, U®? is
independent. This implies that acl and dcl are closely related in U®?. |

Remark 1.4. acl(A) = dcl(A U acl(0)).

Proof. It is enough to prove C. Let a € acl(A). So o(a/A) is finite. Choose E € EF
with [a]g No(a/A) = {a}. So a/E € acl(d) and a € dcl(AU {a/E}).

When A, B C U®? are finite, then o(a/A U B) is a closed subset of o(a/A) and is
either open in o(a/A) or nowhere dense. In the first case we say that

a is m-independent from B over A (a'L B(A)).

We apply this definition also when A, B are finite tuples of elements of U®Y. |

Lemma 1.5. (1) m-independence is symmetric and transitive.
(2) a € acl(A) implies a’L B(A) for every finite B.
(3) For every finite a, A, B C U, there is some a' € o(a/A) with o’ B(A).

Proof. The proof is the same as in [Ne2Z| [Ned]. In (3) we use the fact, that by
smallness, for any orbit X over A, the union of all orbits over AU B open in X is
dense in X.

To measure orbits we assign to each orbit its M-rank, which is an ordinal or co.
More precisely, M is the minimal function defined on all orbits in U? over finite
sets, with values in Ord U {oo}, such that for all finite a, A C U®? we have

M(o(a/A)) > a+1 < M(o(a/B)) > «a for some finite B O A with
o(a/B) nowhere dense in o(a/A).
M(a/A) abbreviates M(o(a/A)) and M(a) is M(a/0).

We could define M-rank inside U (without referring to U¢?). It turns out however
that for a, A C U, M(a/A) does not depend on whether in the definition of M-rank
we consider all finite sets B C U®? or restrict ourselves to subsets of U [Ne2]. We
say that U is m-stable if M(a/A) < oo for all finite a, A C U (equivalently, for all
finite a, A C U*?).

M-rank satisfies Lascar inequalities

M(a/Ab) + M(b/A) < M(ab/A) < M(a/Ab) & M(b/A).

In stable model theory we discern a geometric property of forking independence
called 1-basedness. This property is equivalent (in the finite rank case) to local
modularity of forking geometry on any U-rank 1 type. In o-minimal structures
the corresponding property is called the CF-condition [Pe], it corresponds to local
modularity of the acl-geometry on an o-minimal structure.

The corresponding property of m-independence in small profinite structure U is
called m-normality. We say that U is m-normal if for every finite a,b C U®? there
is some ¢ € acl(a) N acl(b) with a’Lb(c). In [Ned] T was considering this property
in the context of a small theory. However, the same proofs work in small profinite
structures. So by [Ne2| [Ned], the following conditions are equivalent to m-normality
of U :
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(1) For every finite a, A C U, for some clopen neighborhood V of a, there are
finitely many conjugates of V' No(a/A) under Aut*(U/a).
(2) The same as (1), but for finite a, A C U

If U is m-normal and m-stable, then M-rank is finite in U [Ned].

To explain the geometric meaning of m-normality we interpret some geometries
in U. Assume X is an orbit in U®? (over (}), with M(X) = 1. Then m-dependence
on X equals acl-dependence and is a pregeometry. Assume D is a countable dense
subset of X. We say that X is locally modular, if the aclp-geometry on X is
modular (the choice of D is irrelevant). Here aclp(B) = acl(D U B), aclp is the
algebraic closure localized at D. The case of an orbit X over a finite set A is handled
similarly. Unfortunately, unlike in the case of a stationary type, the acl-geometry
on X is not homogeneous, however localizing this geometry at a dense subset makes
it homogeneous. This is the reason why we need the set D. For more details see
[Ne3|, Section 3.

It is easy to see [Ned] that in an m-normal small profinite structure, every orbit of
M-rank 1 is locally modular. It turns out, that the connection between m-normality
and local modularity is even closer. To explain this we define some notions.

Assume X is an orbit (over A). We say that a € X is generic over B iff al’LB(A)
(generic elements exist by Lemma 1.5(3)). As in forking theory, we say that two
orbits : X (over A) and Y (over B) are m-orthogonal, if for every finite C' 2 AU B,
for all a € X and b € Y generic over C, we have a’Lb(C). If X and Y are over the
same set A, we say that X,Y are almost m-orthogonal if we have alb(A) for all
acXandbeY.

We say that U has weak coordinatization, if

(%) for every infinite orbit X in U®? (over A), there is some finite B D A
and a € X generic over B, such that for some ¢ € acl(Ba) we have

M(e/B) =1
(in other words, X is m-nonorthogonal to an orbit of M-rank 1). We say that U
has full coordinatization, if (x) holds for B = A. O

Theorem 1.6 (essentially [Ned]). Assume U is a small profinite structure of finite
M-rank. Then the following conditions are equivalent.

(1) U is m-normal.

(2) U has weak coordinatization and every M-rank 1 orbit in U®? is locally
modular.

(8) U has full coordinatization and every M-rank 1 orbit in U®? is locally mod-
ular.

We say that an orbit of M-rank 1 is non-trivial, if the associated pregeometry
is non-trivial (that is, after the localization, a “line” has at least 3 points, here
notice again that the localized geometry is homogeneous). m-normal small profinite
structures may be thought of as “geometrically simple” (just like 1-basedness is a
kind of geometric simplicity of forking geometry). Surprisingly, no small profinite
structure is known, which is not m-normal.

We say that G is an A-definable group in U¢? if G and the group operations
of G are A-definable in U®?. We say that a € G is m-generic over A if o(a/A) is
open in G. By smallness, m-generic elements (over A) are dense in G. We define
M(G) (the M-rank of G) as M(a/A) for any a € G m-generic over A (this does
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not depend on the choice of a). Every group G definable in U®? is profinite and
locally finite [Ne6].

In the case of a stable structure or an o-minimal structure, Hrushovski [H] and
Peterzil [Pe] respectively proved that local modularity implies existence of a de-
finable group in a given structure. In this paper we prove a counterpart of these
results for small profinite structures. The main result is the following theorem.

Theorem 1.7. If U is a small profinite structure and O is a non-trivial locally
modular orbit in U (over 0), of M-rank 1, then some open subset O' of O is a
definable group.

2. EXAMPLES

In this section we show three examples of profinite structures. These examples
illustrate and justify the definitions from Section 1.

Example 1. Assume G is a profinite group, that is the inverse limit of a system
G = (G}, fji)j>ier of finite groups, indexed by a (countable) directed set I. We
have natural projections fo; : G — G, that we may assume are surjective.

For i € I let E; be the equivalence relation on G induced by f.;, that is, E;(x,y)
holds iff feoi(2) = fooi(y). We see that the equivalence relations F;,i € I, generate
the profinite topology on G. Let Aut}(G) be the set of homeomorphisms of G that
preserve all the E;’s, and let Aut*(G) be the group of automorphisms of G that
are induced by automorphisms of the system G. We see that Aut*(G) is a closed
subgroup of Autj(G).

So G with structure group Aut*(G) becomes a profinite structure in the sense of
Section 1. Notice that the group operations are O-definable in G, so G is a profinite
group in the sense of Section 1. According to the definition from Section 1, G is
small (as a profinite structure) iff on every G™ there are countably many orbits
of Aut*(G). For example, the product of countably many copies of Zs is a small
profinite group. A major open question about small profinite groups is whether
any such group contains an open abelian subgroup ([Nef] contains some related
results). The expected answer is “no”, however it is hard to find a counterexample.

Example 2. Assume M is a multifinite structure, that is a many-sorted structure
in some language L, with all the sorts finite. Notice that M is k-saturated for every
k. In fact, we may regard M as a monster model of its theory. We equip M with
the discrete topology. Let I be a countable index set and x; = (x;,7 € I) be a
tuple of variables of specified sorts M;,i € I. Let ®(x;) be a type in variables x,
without parameters. Let U C HiEI M; be the set of realizations of ® in M. So U
is a closed subset of [[,.; M; (with the product topology). In fact, U is a profinite
topological space.

Notice that any profinite structure V' may be regarded as a type-definable set in
some multi-finite structure N in the above way, so that the O-definable subsets of
V"™ (in the sense of a profinite structure) are precisely the 0-type-definable subsets
of V™ (in the sense of N).

Indeed, let &€ = {E;,i € Iy} be a system of 0-definable equivalence relations
generating the topology on V. Let V; = V/E; and let Aut(V;) be the restriction of
Aut*(V') to V;. Iy is directed by the relation ¢ < j iff E; refines E;. For j > i let
fji : V; = V; be the function mapping z/E; to z/E;.
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On each set V; we define an L;-structure (for some finite language L;) so that
Aut(V;) is the group of automorphisms of V; as the L;-structure (as in the proof of
Lemma 1.2). Let L be a many-sorted language with the set of sorts Iy, containing
the symbols of L;,i € Iy, as symbols of sort ¢, and function symbols f;; as symbols
of functions between sort j and 3.

We define a multifinite L-structure N as follows. The sort ¢ of N is the set V;,
togehter with its L;-structure. Moreover, in N there are functions fj; between sets
Vj and V;, j >4 € Iy. V may be identified with the set of Iy -tuples from Hielv Vi
satisfying the type {f;i(z;) =z; : j > i€ Iy }.

Clearly, Aut*(V) = {f|lv : f € Aut(N)}. Since N is a monster model, we
see that the O-definable subsets of V™ (in the sense of profinite structure V') are
precisely the 0-type-definable subsets of V™ (in the sense of N).

Now consider the type-definable set U from the beginning of Example 2. We
see that any profinite structure may be considered in this way. Now we show
however, that the approach from Section 1 is equivalent to the approach in Example
2. Suppose we are interested in subsets of U™ type-definable over a finite set of
parameters from M UU. The next lemma shows we may disregard parameters from
M. This lemma corresponds to Shelah’s definability lemma in stable model theory.

Lemma 2.1. Assume V C U™ is type-definable over a finite set A C M UU. Then
V' is type-definable over a finite set B C U.

Proof. A = Ag U Ay, where Ag is contained in finitely many sorts My, ..., M, of
M and A; C U. The sorts of M are finite, so there are finitely many conjugates
A, ..., AL of Ag over A;. For each Af let V' be the corresponding conjugate of V.
Choose a finite set B C V1U---UV? such that for 1 <i # j <t, BNV #+ BNVi.
We see that V is invariant under Aut(M/A; U B). V is also closed, hence by
saturation of M, V is type-definable over A; U B.

By saturation of M, a set V' C U™ is type-definable over A iff V is closed and
invariant under Aut(M/A). By Lemma 2.1 we see that we can recover all the
definable subsets of U™ using the topology of U and the action of Aut*(U) = {f|v :
f € Aut(M)} on M. So the type-definable subsets of U™ (in the sense of M) are
precisely the definable subsets of U (in the sense of the profinite structure U with
structure group Aut*(U)).

The approach from Section 1 seems better to me: we do not have to bother
about the underlying language or multifinite structure. O

Example 3. This example is the real motivation to consider small profinite struc-
tures. Assume T = T°? is a countable complete first-order theory and M is an
N;-saturated Ni-strongly homogeneous model of T'. Assume X is a O-type-definable
subset of M and f;,i € I, are countably many definable functions, f; : X — acl(0).
An I-tuple of the form (f;(a) : ¢ € I), where a € X, was called in [Ne2] a x-algebraic
x-finite tuple. Such tuples play the role of imaginaries for m-independence in a small
stable theory [Nef).

Let U = {(fi(a) :i € I) :a € X} C [acl(D)]!. So U is a type-definable set of
I-tuples in M. We equip acl()) with the discrete topology. Then U is a closed
subset of [acl(()]! (with the product topology). We are interested in subsets of U
type-definable over finite sets of parameters from U. Then type-definable sets in U
(in the sense of M) correspond precisely to definable sets in profinite structure U
with the structure group Aut*(U) = {f|v : f € Aut(M)}.
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We say that the profinite structure U described above is interpretable in T'. Also,
if T is small, then any profinite structure interpretable in T is small.

Assume T is superstable with < 2% countable models. I defined m-independence
and M-rank in models of T' and proved that T is (1) m-stable, (2) of finite M-
rank and (3) m-normal [Neb|. If T satisfies (1), (2) or (3), then any profinite
structure interpretable in T also has the same property. This is the reason why
these notions were so defined in Section 1, for small profinite structures. Also,
many arguments regarding m-independence in models of T transfer directly to
small profinite structures (so we were referring to [Ne2l [Ned] in Section 1).

Many open questions about m-independence in small (stable) theories translate
directly into questions about small profinite structures. We state some of them.

Conjecture 2.2 (related to the M-gap conjecture [Ne2]). There is no orbit X in
a small profinite structure with w < M(X) < oo.

Every small theory known is m-normal, although presumably non m-normal
small theories exist. This is equivalent to existence of a small profinite structure
which is not m-normal (and this is an open problem). The M-gap conjecture is
true for small m-normal theories [Ned] (hence also for small m-normal profinite
structures).

One of the consequences of m-normality for a small profinite group G is that G
is abelian-by-finite. So any example of a small profinite group G without an open
abelian subgroup would be non m-normal. That is why we state this problem about
small profinite groups.

Similarly, the existence of a small theory, for which the notions of indepen-
dence induced by Baire category (m-independence) and Lebesgue measure (u-
independence) differ, is equivalent to the existence of small profinite structure with
this property (for details on the comparison between m-independence and p-inde-
pendence see [Ne2]).

This justifies our interest in small profinite structures. However I also believe
that small profinite structures may become an independent object of study, since
no knowledge of model theory is needed to investigate them.

3. THE PROOF

In this section we prove the main result of this paper which is the interpretation
of a group in some small profinite structures (Theorem 1.7). We will use the
properties of small profinite structures from Section 1. The arguments involving
m-independence are similar to those about forking independence.

Assume O is an M-rank 1 locally modular non-trivial orbit, definable over () in
a small profinite structure U. Let U’ be the small profinite structure induced on
the profinite space O by U (that is, Aut*(U’) is the restriction of Aut*(U) to O).

By the Lascar inequalities, U’ is a small profinite structure of finite M-rank.
Every M-rank 1 orbit in (U’)®? is m-nonorthogonal to O, hence is also locally
modular. More generally, every infinite orbit in (U’)%? is m-nonorthogonal to O,
that is U’ has weak coordinatization. By Theorem 1.6 this implies that U’ is m-
normal.

So without loss of generality, replacing U by U’, we may assume that U is a small
profinite structure, which is m-normal (and even has finite M-rank). We work in
U*°l. We will be working with sets definable in U®? over finitely many parameters.
In model theory we often name a given set of parameters (expanding the language
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by some new constants), so as to consider only 0-definable sets or types over (). Here
we have a similar procedure. Assume A is a finite subset of U®?. Then Aut*(U/A)
is a closed subgroup of Aut*(U). U with the structure group Aut*(U/A) is again a
small profinite m-normal structure of finite M-rank, however every A-definable set
in the structure (U, Aut*(U)) becomes 0-definable in (U, Aut*(U/A)). We call the
transition from (U, Aut*(U)) to (U, Aut*(U/A)) “naming parameters” from A.

In the proof of Theorem 1.7 we use the following lemma.

Lemma 3.1. Assume U is a small profinite structure and X is an orbit in U, over
(). Then acl(a) N X is finite for every a € X.

Proof. For a € X let X, = acl(a) N X. We see that the sets X,,a € X, are
conjugate. Fix an a € X.

Let Y, be the topological closure of X,. By smallness, Y, and X, are countable
unions of orbits over a; the orbits contained in X, are finite, hence X, is countable.
The union of the orbits over a that are open in Y is dense in Y,. Such orbits meet
X, hence are contained in X,, and are finite. It follows that

(a) the set of isolated points of Y, is dense in Y.
Next we prove that for b € Y, we have

(b) Y, =Y.
First we show that X, C Y, (which implies that ¥, C Y,). Indeed, if ¢ € X}, then
o(bc) is a closed subset of X x X projecting onto both axes, with vertical sections
finite. If we take o’ € X, sufficiently close to b, then for some ¢’ close to ¢ we
have a’c¢’ € o(be), hence ¢’ € acl(a’), which yields ¢’ € X, (because acl is a closure
operator). So ¢ € cl(X,) = Y.

Now let E;,7 € I, be a countable system of 0-definable finite equivalence relations
generating the topology on U. Since Y, and Y; are conjugate, for every i, Y, and
Y, meet the same number of E;-classes. This implies that Y, =Y.

Consider an isolated point b € Y,. By (b), ¥, = Y,. Since Y}, and Y, are
conjugate, we get that a is isolated in Y,. Similarly it follows that any ¢ € Y, is
isolated in Y,, so Y, and X, are finite.

From now on we fix a non-trivial locally modular orbit @ in U (over @), with
M(O) = 1. Also, we assume U is m-normal. We are going to find a definable group
in U, which is an open subset of O.

First, we will define a group structure on an open subset of O over some unspec-
ified finite number of parameters. Later (in Section 4) we restrict this number to 1
parameter from O and some finite number of parameters algebraic over §.

We say that A = {a,b,c} is a dcl-triangle, if for every & € A we have z €
del(A\ {z})\ acl(D) and every two elements of A are m-independent. Replacing dcl
by acl in the last sentence we get the definition of an acl-triangle. [l

Lemma 3.2. After naming finitely many parameters, in O there is an acl-triangle.

Proof. Since O is non-trivial, there are acl-dependent ag,...,a, € O (for some
n > 2) such that every proper subset of {ao,...,a,} is acl-independent. Name
as,...,a,. Then {ag,a1,a2} becomes an acl-triangle.

We name the finitely many parameters from Lemma 3.2. Let {a,b,c} be an
acl-triangle in @. Theorem 1.7 follows from the following more general result on
recovering a group from an acl-triangle in a small profinite m-normal structure U.
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This result corresponds to [BH], where a group is constructed from an acl-triangle
in a stable 1-based theory. [l

Theorem 3.3. Assume {a,b,c} is an acl-triangle in a small profinite m-normal
structure U. Then there is a group G in U, which is open in o(a), a is the neutral
element of G and G is definable over a and acl(()).

Proof. In the proof we may freely name finitely many elements of acl(f). So by
Remark 1.4 we may assume that {a,b, c} is a dcl-triangle. By Lemma 3.1, naming
some elements of acl(f)), we may assume that for every x € {a, b, ¢} we have acl(x)N
o(x) = {z}.

Let b* be the name of o(b/a). Since o(b/a) is clopen in O (hence for some E €
FE, o(b/a) is a finite union of F-classes on o(b)), we have that b € acl(0)) Ndcl(a).
We see that

o(b/b") = o(b/ab™) = o(b/a).

So after naming b we have o(b/a) = o(b), which gives o(ab) = o(a) x o(b).

Let X = o(a),Y = o0(b),Z = o(c) and I" = o(abc) C X xY x Z. For every z € X,
the section I', C Y x Z of I' at x is the graph of an z-definable function f, : Y — Z.
Throughout, we identify definable functions with the names of their graphs, and
so we treat such functions as elements of U®?. f, is 1-1 (because {a,b,c} is a
dcl-triangle). We have that f, and z are interdefinable.

Indeed, we have f, € dcl(x) by definition. To prove that € dcl(f,), we may
assume without loss of generality that * = a. Suppose 2z’ € o(a/f,), we will prove
' = a. We have f, = f, and o(ab) = o(z'b). There is precisely one ¢’ with
o(abc) = o(x'bc’), and ¢ = f,/(b) = fo(b) = c. So o(abc) = o(z'bc) =T. As {a,b,c}
is a dcl-triangle, we get ' = a.

The set f,[Y] is a clopen subset of Z (more precisely, fo[Y] = o(c/a)). Let Xy be
the orbit of a over the name of f,[Y], Xy is a clopen subset of X. For z,2’ € X,
the functions f, and f,/ are bijections between Y and f,[Y], s0 gzrp := f;;1 fzisa
bijection mapping Y onto Y.

At this point, in the case of a 1-based stable theory, essentially the germs of
functions g¢,, generate a type-definable group. Here we do not have germs at
hand, instead we will construct a group from carefully chosen pieces hy/, of gurs.

Fix o’ € X generic over a,b. So a’La’ and b'Lgarq. Let b = garo(b) = fit (o).
Let V = o(bb'/gara,)-

So V is a (relatively) clopen subset of the graph of g,/,. By m-normality, there
is some clopen neighbourhood V/ C V of bb' such that

(%) the name of V' is algebraic over bb'.
If we take a smaller V', then () remains true. So we may assume V' is the graph
of the function ga/a|jp)zny for some E € FE. Let Yo = [b]lpNY and hara = Garalyy-
We name Y;" (the name of Yj). O

Claim 3.4. (1) Except for {a,b,c} and {da’, ¥, c}, every 3-element subset of {a,b, c,
a’,b'} is m-independent.

(2) {b,V, hao} is an acl-triangle.

(3) {a,d’, haq} is an acl-triangle.
Proof. (1) By assumption, {a,b,c} and {da’,¥,c} are dcl-triangles and {a,a’,b} is
m-independent. For example, we prove that {a’, b, c} is m-independent (the other
cases are similar).
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Since {a, b, ¢} is a dcl-triangle, there is a b-definable bijection j : o(c¢/b) — o(a/b)
and moreover o(c/b) and o(a/b) are open in o(c), o(a) respectively. So if {a’, b, c} is
not m-independent, then ¢£.a’b, hence o(c/a’b) is nowhere dense in o(c/b). Hence
o(a/a'b) = j(o(c/a’b)) is nowhere dense in o(a/b), contradicting a’La’(b).

(2) It is enough to show that every proper subset of {b, b, hy/q } is m-independent.
b'Lb', because (by (1)) {a,b,b'} is m-independent. h,q Lb, because haq € dcl(aa’)
and (by (1)), bLaa’. Similarly haq L.

(3) We know that haq € acl(bl'), so by (1) we get that haq-La, hea-La’ and
a’La’ by the choice of a'.

Next, hq/q € del(aa’). We must show that a € acl(hgrq,a’) and a’ € acl(hgrq,a).
We have a € del(be), b € acl(V, hyo) and ¢ € del(a’'), so we get a € acl(a’, b, hara)-

v 0 aa' gives 0" Laa’hara (as hara € dcl(aa’)), so we get a € acl(a’, hara). Simi-
larly we get o’ € acl(a, hara).

The choice of the piece hgq 0f gaar such that Claim 3.4(2),(3) holds is the only
place in the proof, where we use the m-normality of U.

Now we outline the further proof. We will find a clopen neighborhood X5 of a
in X such that the functions h,,, = gzz'|y,, z,2’ € X5, form a definable group
H (the group operation is composition). In order to prove that the set {hy, :
x,2’ € X5} is closed under composition, we present each such h,,s as a composition
(hagz) ™t 0 hyge for some zg € X3, where X3 is a clopen neighborhood of @’ in
X. X3 and X5 are chosen carefully by gradual restriction to smaller and smaller
neighborhoods of a and @’ in X. The main point that we achieve in this way is that
for 2’ € X5 and © € X5, hyw € 0(hara), so such hyr, may be treated uniformly
(while there are infinitely many orbits on the set {hy, : z,2" € X5}).

Let S = o(a’a) C X x X. Since a’La’, we have that S is a clopen subset of X x X,
For (z',z) € S let hy, be the conjugate of hg,. Take a clopen neighbourhood
So € SN (Xy x Xo) of (a/,a) such that for (2’ ,x) € Sy, hyz[Yo] = haal[Yo]
Choose E’ € FE with ([a'|gr N X) x ([a]gr N X) C Sp and let at = (a’/E',a/E’) €
Ul N acl(@) Let X7 = [a’]Ez NnNX, Xy = [a]E/ NX. X1,Xs C Xgy. Clearly,
o(d'a/a™) = X1 x Xo.

Let R = o(d’a/athy,). We have that {a,a’, hqra} is an acl-triangle. So R is a
closed subset of X; x X5, with all horizontal and vertical sections finite, and the
projections to both coordinates open in X.

Let X3 = o(a’/athere) € X1 and X4 = o(a/ahga) C X2. So X3, Xy are the
projections of R to the respective coordinates, hence they are open in X.

Let X537, X7 € acl() be the names of X3, X, and a* = (X5, X[). Let R’ =
o(a’'a/a*a*). Since a* € dcl(aThy,), we have that R € R’ C X3 x X4 and
R’ is clopen in X3 x Xy. For (2/,2) € R let Ry, = o(x'x/ata*hyy). Since
a®, hyry € del(2', z), we have that o(zz’ata*hy,) = o(aa’ata*hg,), hence
(%) Ry, is a closed subset of X3x X4, projecting onto X5 and X4, with all horizon-

tal and vertical sections finite. Also, R, C R’ and for (¢',t) € Ry, hyt =
Pgrg.
Now we define a binary relation ~¢ on X} :
11 ~o 12iff there is some 2’ € X3 with (2, 21), (2/,22) € R'.

Clearly, ~ is symmetric and reflexive. Since R’ is an open orbit, for some E” € F'E,
for every x € Xy, the set {x; € X4 : © ~¢ 21} is a union of E”-classes.

Let ~ be the transitive closure of ~g on X4. We see that ~ is an ata*-definable
equivalence relation on X, which is coarser than E”, hence has open classes. Also,
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there is some n < w such that for every z1,z,, € X4 we have

Tl ~ Ty < 31}2, X1 € Xy /\ Ti ~0 Tit1-
1<i<n
Let X5 be the ~-class of a. For z,2’ € X5 let hyy = guarlvy- O

Lemma 3.5. h., is a bijection mapping Yy onto Yy.
Proof. We know that  ~ 2. First we prove the lemma assuming additionally that
x ~q ’. This means that for some zg € X3, (29, z), (x0,2’) € R'. In particular,
(w0, ), (v0,2") € o(a’a/a™) C So.
So by the choice of Sy we have hy,.[Yo] = hggezr[Yo] =some open Y/ C Y. We have
Jaa’ = f;;lf:c’ = f;;lfxof;olf:c’ = g;()l;c O Gxoz’ -
For any (xlax2) € SO; hxlxz = gzlzz|Yoa SO
haar[Yo] = 9uar[Yo] = apwaewr [Yol) = Gapehaoar [Yol] = 0o [Y'] = hops[Y'] = Yo
Now we approach the general case. x ~ x’ means that there are x1,zs,...,2, €
X5 with x = z1,2' = x, and ©1 ~¢ T2 ~g¢ -+ ~o Tn. We know that for ev-
ery ¢ with 1 <4 < n, hg,q,,, is a bijection mapping Yy onto Yy. So hy s, =
RayzoPaozs - ha, 1z, also maps Yy onto Y.

Let H = {hyy : z,2' € X5}. We see that H is a definable set of bijections: Yy —
Yo. |

Lemma 3.6. (1) For every z,z’,y’ € X5 there is some y € X5 with hyy = hy,y.
(2) H is closed under composition of functions and under compositional inverse.

Proof. (1) 2’ ~ z, so there are xa,..., 2,1 € X5 with 2’ ~¢ 23 ~g x5 ~g -+ ~p
Tp_1 ~o . Choose t1,...,t,_1 € X3 such that
(t1,2"), (t1,x2), (t2, x2), (ta, 23), - - -, (bn_1,Tn_1), (bn_1,7) € R’.
By (xx), choose recursively ya, ..., yn—1,y € X5 and vy, ...,v,—1 € X3 with
(1)1, y/) € Rtlw’v (Ula y2) € Rt1z27 (02; y2) € thzzv (UQ, y3) € thﬂvsv SERE)

(vnflvynfl) S Rtn,lznflv (Unfla y) € Rtn,lz~
By (%) we have

hiyor = hvly” htyz, = h'Ulyz’ htyw, = hvzyzv htywy = hv2y3a )

ht, sz, 4 = hv'rLflyn—l?htnflm = hvn—ly'

Now

hae = ht_nl_lgchtn—lxn—l t_gi,'ght2x2 t_l}Cthlx"
Also
hyy/ = h;nl—lyhvnflynfl s h1721y3hv2y2h1711yzhv1y"
We see that hgyer = hy,, as needed.
(2) Let z,2',y,y € X5. By (1), there is 2”7 € X5 with hger = hgry. So
hm,;/hyy/ = hx//yhyy/ = hmwy/ € H. Also (hmg/)il = hyry € H.
H is a definable set and it is easy to see that composition and taking compo-

sitional inverse are definable on H (one needs to check yet that their graphs are
closed). So H is a definable group.
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Lemma 3.6 shows that H = {hs, : € X5}. We prove that every element h,
of H is interdefinable with x over a, that is the a-definable function x — hy, is a
bijection between X5 and H.

Suppose not, which means that for some x # 2’ € X5 we have hyq = hyrq. Then
necessarily hyp = hyro(hea)™' = idy,. As in the beginning of the proof of 3.3,
fzlve and fur|y, are interdefinable with x, 2" respectively. h,, = idy, means that
falyy = farlyy, which shows that x, 2’ are interdefinable. However acl(z)NX = {z},
a contradiction.

So the a-definable bijection between X5 and H induces on X5 a group structure
definable over a and some parameters from acl(), that we have named so far in
the proof. This finishes the proof of Theorem 3.3. |

4. COROLLARIES

In this section we assume U is a small profinite structure and O is a 0-definable
orbit in U, which has M-rank 1, is non-trivial and locally modular. In Section 3 we
proved that there is an open definable set @' C O, which is a group definable over
some number of parameters. In this section we prove that in U®? there is a group
G of M-rank 1, which is m-nonorthogonal to O and definable over acl(@). Also, we
prove that for every a € O there is a group structure on some open neighbourhood
of a in O, which is definable just over {a} U acl((}), and moreover a is the neutral
element. We conclude the paper with an analysis of m-dependence in a locally
modular definable group of M-rank 1. We prove that the division ring underlying
the geometry on O is a locally finite field. We prove also that the acl-geometry on
O cannot be modular.

We begin with a lemma describing m-nonorthogonality of locally modular orbits
of M-rank 1.

Lemma 4.1. Assume U is m-stable or m-normal. Assume X,Y are M-rank 1
locally modular orbits over ) in U and X,Y are m-nonorthogonal. Then there
are z,2' € X and y,y' € Y such that z'La’, yLy' and the set {x,z',y,y'} is
m-dependent.

Proof. Considering the profinite structure induced on X UY we may assume that
U is m-normal (as in the beginning of Section 3). Choose a finite set A C U and
z € X,y €Y generic over A with z'Ly(A).

By m-normality, there is some z € acl(zy) N acl(A) with zyLA(z). Tt follows
that M(z) = 1 and 2'Ly(z). Choose z'y’ € o(zy/z) with 2’y Lay(z). Since 2712
and y'Lz, we get that 2’2’ and y'Ly’. However, M(zy/z) = M(z'y//z) = 1 and
z € acl(zy). So M(zyz'y') = M(ayx'y'z) = M(zy/z) + M(z'y' /z) + M(z) = 3.
So the set {z,y,z’,y'} is m-dependent.

Before proving the next corollary we must analyze the acl-geometry on O. Let
D be a countable dense subset of @. The geometry on O is non-trivial, so for every
a € O\ acl(D), the topological closure of aclp(a) is clopen in O. So on O we may
define an equivalence relation F by

aFa’ iff for some countable dense D C O with a,a’ & acl(D), we have
cl(aclp(a)) = cl(aclp(a’)).
Clearly, F is a 0-definable equivalence relation on O, with finitely many classes. Let
O4,...,0, be the E-classes. So Oq,...,0, are orbits over elements of the form
a/E,a € O. Also, Oy,...,0, are m-orthogonal, however each O; is unidimensional
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in the following sense: if X,Y are infinite orbits contained in O;, then X,Y are
m-nonorthogonal. For more details on this notion see [Ne3). O

Corollary 4.2. Assume U is a small profinite structure and O is a non-trivial
M-rank 1 locally modular orbit in U, over O. Then for every a € O there is some
clopen neighbourhood O’ of a in O and there is a group H in U®? of M-rank 1,
definable over acl(D), with a regular and transitive action on O', definable over
acl(B). In particular, this action induces on O’ a group structure, definable over

{a} Uacl(D).

Proof. Wlog O is unidimensional and U is m-normal, of finite M-rank. By Lemma
3.1, there is n < w such that for every x € O, |acl(z) N O = n. After naming
a sufficiently large finite subset of acl(f)), O splits into finitely many new orbits
O1,...,0 (for some k > n), which are m-nonorthogonal. As k > n, some O; and
O; are almost m-orthogonal.

We claim that there is an algebraic triangle {a,b,c} with M(a) = M(b) =
M(c)=1and a € O.

Indeed, by Lemma 4.1 there are m-independent a,b € O; and m-independent
¢,d € O; such that the set {a,b, c,d} is m-dependent. So ab’lcd. By m-normality,
there is some e € acl(ab) N acl(cd) with ab’Lcd(e). Using the fact that ©; and O,
are almost m-orthogonal it is easy to show that M(e) = 1 and then either {a,b, e}
or {c,d, e} is an acl-triangle.

Given an algebraic triangle {a, b, c} with a € O, in Section 3 we constructed a
group H definable over acl(()), m-nonorthogonal to O, with M(H) = 1. Also, X5
there is a clopen subset of O and the mapping (h,2’) — x, where h € H, z,2' € X5
and hg, = h, is a definable regular transitive action of H on X5. This proves the
corollary.

For further corollaries we need some facts about small m-normal profinite groups.

O

Theorem 4.3 ([Ned]). Assume U is m-normal and G is a group 0-definable in
Uc4. Then G is abelian-by-finite. Moreover, for every finite set A and every a € G,
the orbit o(a/A) is a finite union of cosets of a subgroup H of G definable over
acl(0).

Corollary 4.4. Assume U is m-normal and G1, G4 are 0-definable groups in U9,
of M-rank 1. If G1,Gy are m-nonorthogonal, then there is a function f definable
over acl((), which is an isomorphism between open subgroups of G and Gs.

Proof. Choose A C U®? and A-generic a € G; and b € Gy with ai]//b(A). Since
M(G1) = M(G3) = 1, this means that a,b are interalgebraic over A. Extending
A by a finite subset of acl(f)) we may assume that a,b are interdefinable over A.
By Theorem 4.3 there is a subgroup H of G; x Ga, definable over acl((}), such
that o(ab/A) is a finite union of cosets of H. It follows that H is the graph of an
isomorphism f between open subgroups of G; and Gs. O

Corollary 4.5. Assume U is m-stable or m-normal and O1, O2 are locally modular
M-rank 1 orbits over () in U. Assume O1, Oz are m-nonorthogonal.

(1) If Oy, Oy are trivial, then for some a1 € Oy and as € Oa, there is a function
[ definable over acl(Q) with f(a1) = aa, which is a bijection between some open
nethbourhoods of a; in O;.
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(2) If O1,05 are non-trivial and unidimensional, then for every a; € O1 and
as € Oy, a function f as in (1) exists, only f is definable over {a1,a2} U acl(D).

Proof. We may assume U is m-normal. (1) is easy. (2) Choose open G,, C O; and
Ga, C Oy, which are groups definable over {a;} U acl(()), with neutral elements a;
and ag. The required function exists by Corollary 4.4.

Next we analyze m-dependence in an m-normal group of M-rank 1. So assume
G is a O-definable M-rank 1 group in U, which is locally modular (that is, any
generic orbit of G is locally modular). So wlog we may assume that U is m-
normal and of finite M-rank. Since G is abelian-by-finite, we may assume that G
is abelian. Similarly as in [H] we define a division ring F¢g of germs of definable
local endomorphisms of G.

We say that f is a definable local endomorphism of G, if f is a group homomor-
phism mapping some open subgroup of G into GG, and f is definable. We say that
two definable local endomorphisms f, g are equivalent (f ~ g), if they agree on an
open subgroup of G. So the ~-classes are germs at 0 of local endomorphisms. More-
over, by Theorem 4.3, every definable local endomorphism is equivalent to another
local endomorphism definable over acl((}), so we may restrict ourselves only to such
local endomorphisms. Let Fg be the ring of the ~-classes of local endomorphisms
definable over acl(P) (that is, the ring of germs at 0 of such endomorphisms). It is
easy to see that F is a division ring.

In [H], forking was described locally on the connected component of a locally
modular regular group as linear dependence over the ring of definable pseudo-
endomorphisms. Here G = {0}, so we must localize G in a different way. We have
that for every finite A, acl(A) N G is finite (see [Ne6, Proposition 2.4]).

Let D be a countable dense acl-closed subgroup of G. Then Fg acts on G/D:

fora+D e G/D and f' = f/ ~€ Fg, let f'(a+ D) = f(a')+ D, where
a’ € (a + D) Ndom(f).

This definition does not depend on the choice of @’ and f in the class f/ ~. Indeed,
suppose a” € (a+D)Ndom(f). Then a’—a” € D, hence f(a'—a") = f(a')—f(a”) €
acl(D)NG = D, so f(a')+D = f(a”)+D. Also, G/D is a vector space over Fg. O

Theorem 4.6. aclp-dependence on G/D is the linear dependence over Fe.

Proof. If a1 + D, ... ,a, + D are linearly dependent over Fg, then aq,...,a, are
acl p-dependent.

For the other direction, assume a1 + D, ..., a, + D are aclp-dependent, that is
(more formally) a1, ..., a, are aclp-dependent. We will prove that a1 + D, ..., a,+
D are linearly dependent over F¢. Choose dy, 41, .. .,dntr € D such that aq,...,an,,
dpnt1,---,dnyr are acl-dependent. We may assume that any proper subset of
{a1,...,an,dnt1,...,dnyr} is acl-independent.

Let V =o(ai,...,an,dni1,---,dnix) € G"TF. By Theorem 4.3, possibly nam-
ing some parameters from acl(f)), we may assume that V is a coset of some 0-
definable subgroup H of G"™*. For 1 <i < n+k, let mz : G"* — G"T+~1 be de-
fined by m4i(x1, ..., Tngk) = (X1, ., Tic1, Tig1,s - - o, Tngk), and let Hyy = 74 [H),
this is an open subgroup of G"**~!. Moreover we may assume that for every
T € Hy, |n. () NH|=1.

For 1 < i < n+klet H = {(x1,0,...,0,2;,0,...,0) € H: x1,2; € G}.
As in [H] we see that Hy 4 --- + Hpyk is an open subgroup of H and each H;
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corresponds to the graph of a local endomorphism f; with f;(xz;) = x1 (where
(1’1,0,...,0,(&,0,...,0) S Hz)
Choose dy, . ..,d; ., € D with

(al _d/la“'?an _d;ndnJrl - dfnJrlv"wdnJrk _d;erk) € H2 + "'+Hn+k~
It follows that a1 + D =Y., fi(a; + D), so we are done. O
Remark 4.7. F¢ is a locally finite field.

Proof. The proof is the same as in [Nell, Corollary 2.5(1)], in the case of a meager
group. The main point is that for every finite set F of local endomorphisms of G
definable over acl((), there is an open subgroup G’ of G contained in the domains
of all the functions from F, and closed under them. Let F be the ring of functions
generated by F, restricted to G’. Since for any generic a € G’ we have {f(a) : f €
F} Cacl(a) NG, and the latter set is finite, we conclude that F is finite. O

Corollary 4.8. Assume U is a small profinite structure and O is a non-trivial
locally modular M-rank 1 orbit over () in U. Then the division ring associated with
the geometry on O is a locally finite field.

Proof. Let Oq, ..., O, be the partition of O into unidimensional pairwise m-orthog-
onal orbits. After suitable dense localization, the acl-geometry on O is the disjoint
union of the geometries on Oq,...,O,, and the geometry on each O; is projective
over some division ring F;. In fact, the rings F, ..., F, are isomorphic, so we may
treat them as a single ring F, underlying the geometry on O.

We may assume that O is unidimensional and that there is an M-rank 1 0-
definable group G m-nonorthogonal to @. Then after suitable dense localization,
the geometry on O is isomorphic to the acl-geometry on G, which is projective over
Fg. So F is isomorphic to Fg. By Remark 4.7, F is locally finite.

If p is a regular stationary non-trivial locally modular type in some stable theory
T, then the forking geometry on p is either affine (when p is not modular) or
projective (when p is modular) over some division ring [HJ.

In small profinite structures the picture is more complicated. When the field F
(from Corollary 4.8) is infinite, then the acl-geometry on O can be neither affine
nor projective over F, because acl(A) N O is finite for every finite A C O. |

Corollary 4.9. When the field F underlying the geometry on O is finite, then
there is an open orbit O C O (over some parameters from acl(Q)) such that the
acl-geometry on O is affine over F.

Proof. Let H and O’ be as in Corollary 4.2. Wlog H and O’ are 0-definable. Since
F is finite, by the proof of Remark 4.7, some open 0O-definable subgroup H' of H
is an F-vector space. H' acts regularly and transitively on some open O C O'.
Hence the acl-geometry on O@” is affine over F.

Unlike in stable model theory, we have the following corollary. O

Corollary 4.10. There is no non-trivial M-rank 1 orbit O in a small profinite
structure U, such that the acl-geometry on O is modular.

To prove this corollary we need a stronger version of Lemma 3.1. Essentially it
is [Ne2, Lemma 2.1]. We repeat the proof here.

Lemma 4.11. Assume U is a small profinite m-stable structure, A C U®? is finite
and X is an orbit in U¢? of M-rank 1. Then acl(A) N X is finite.



942 LUDOMIR NEWELSKI

Proof. Wlog (possibly after naming some parameters) we may assume that X is an
orbit over (). Since M(X) =1, acl is a pregeometry on X.

Every type in a superstable theory has finite weight. Here similarly m-stability
implies that there is a finite set B C X N acl(A) such that B is an acl-basis of
X Nacl(A).

So we may assume that A C X. Suppose for a contradiction that the lemma is
false. Choose A C X with acl(A) N X infinite and such that A has minimal size.
This implies that A is a basis of acl(A) N X.

Case 1. Assume some a € acl(A) N X is an accumulation point of acl(A) N X.
Replacing A by a basis of acl(A) N X containing a, we may assume that a € A.
Let A’ = A\ {a} and X’ = o(a/A’). Since A is m-independent, X’ is open in X.
Also, acl(A) N X' is infinite. So naming A’ and replacing X by X’ we may assume
that A = {a}. Since all the elements of X are conjugate, it follows that every
a’ € acl(a) N X is an accumulation point of acl(a) N X.

Let Y be the topological closure of acl(a) N X. We get that Y is a perfect set, of
power 2%, Also, Y is a union of countably many orbits over a (by smallness), so
some of these orbits must be infinite, hence open in X (as M(X) = 1). But open
orbits over a are disjoint from acl(a) N X, a contradiction.

Case 2. Assume that no a € acl(A)NX is an accumulation point of acl(A)NX.
Still, by compactness, there is some a € X \ acl(A) which is an accumulation point
of acl(A) N X. o(a/A) is infinite, hence is open in X and disjoint from acl(A). So
a can not be an accumulation point of acl(A) N X.

When A C X, then in Lemma 4.11 we may waive the m-stability assumption.
If U is m-normal and m-stable (hence of finite M-rank), then Lemma 4.11 is true
also when M(X) > 1 (the proof uses full coordinatization of U). In general it is
open if Lemma 4.11 remains true when M(X) > 1. O

Proof of 4.10. Suppose for a contradiction, that the acl-geometry is modular on
O. This implies also that for every dense D C O, the aclp-geometry on O is
modular, so O is locally modular, with an underlying field F. By the discussion
before Corollary 4.9, F is finite.

We define an equivalence relation E on O by: E(z,y) <= =,y are interal-
gebraic. By Lemma 4.11, E has finite classes. It follows that E is 0-definable.
Replacing O by O/F we may assume that for z € O, acl(z) N O = {z}.

Partitioning O into pairwise m-orthogonal unidimensional orbits, we may as-
sume that O is unidimensional. This in turn yields that the acl-geometry on O is
projective over F. Choose Q" from Corollary 4.9.

By Lemma 4.11, if 2,y € O" are sufficiently close to each other, then acl(z,y) N
O C O". Choose m-independent a, b, c € O” sufficiently close to each other so that
acl(a,b,c)N O C O".

So acl(a,b,c) N O is a projective plane II over F in the acl-geometry on O, and
II € O”. On the other hand, the acl-geometry on O is affine over F, so on II
there are disjoint (parallel) lines, a contradiction.

On the other hand, the acl-geometry is modular on the group H’ from the proof
of Corollary 4.9. So in small profinite structures locally modular groups seem the
best approximation to modular types.

Now assume T is a superstable theory with < 2% countable models and U is
a small profinite structure interpretable in T (so U is m-normal, with finite M-
rank). Assume O is an M-rank 1 orbit definable in U. Then O is locally modular
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and non-trivial. Also, in [Ne3] I proved that associated with O is a meager type
p, and the field F underlying the forking geometry on p corresponds also to the
acl-geometry on 0. Then I proved Theorem 1.7 in this case. However, the results
of this paper give some new information even here. In particular, the fact that an
essentially 1 parameter from O is enough to define a group in it is new. O
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